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We study the effect of momentum-dependent interactions and a broader Gaussian on
multifragmentation. We also look into the details of the fragment structure for a broader
Gaussian and momentum-dependent interactions. We find that nucleons forming the
fragments belong to same region of the phase space.
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1 Introduction
The breaking of colliding nuclei into fragments of different sizes has been studied for
quite a long time. The detailed experimental and theoretical studies revealed that the
fragmentation is a complex process that depends crucially on the reaction inputs like
the bombarding energy as well as impact parameter [1–4]. Various experimental studies
offer an unique opportunity to explore the mechanism behind breaking of nuclei into
pieces. At the same time, heavy ion reaction can also be used to extract information
about the nature of the matter. Some processes like kaon production [5, 6] give signal
about the softer nature of the matter, whereas others give indication that matter could
be stiffer in nature. It is also well accepted that the static equation of state (EOS) cannot
describe the heavy-ion reaction adequately. The fate of a reaction depends not only on
the density, but also on the momentum space. Therefore, the momentum-dependent
interactions play crucial role in the dynamics of a heavy-ion collision. The momentum
dependent interactions (MDI) are found to affect the collective flow drastically [7–9]. Due
to the reduction in the nucleon-nucleon collisions with MDI, the sub-threshold particle
production is also reduced [7] significantly. Some studies are also reported in the literature
that focuses on the effect of MDI on multifragmentation [10]. These studies predicted a
significant effect of MDI on multifragmentation. These effects were more pronounced at
peripheral collisions. Unfortunately, no study has been carried out to look into the details
of the fragment structure using momentum dependent interactions. One is interested
to understand whether fragments are produced due to coalessence or emerge from the
particular region of the phase space.
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In addition, interaction range has also a major role to play in the dynamics of heavy-ion
collisions [11–15]. It has a pronounced effect on the collective flow and on its disappearance
as well as on multifragmentation [11, 12]. For example, in Ref. [12] it has been shown
that for a broader Gaussian (larger interaction range), the energy of disappearance of flow
increases. Similarly, there is a significant effect of interaction range on the fragmentation
as well. In Ref. [11] it has been shown that a broader Gaussian leads to reduced fragments.
But the details of fragment structure for a broader Gaussian was never studied. We,
therefore aim to address
1. The effect of MDI on the fragment structure and
2. The effect of interaction range and to look if fragments then produced belong to certain
space or just produced in the reaction without pre-selection.
This study is carried out within the framework of quantum molecular dynamics (QMD)
model
2 The Formalism
2.1 Quantum Molecular dynamics (QMD) model
We describe the time evolution of a heavy-ion reaction within the framework of Quantum
Molecular Dynamics (QMD) model [7] which is based on a molecular dynamics picture.
This model has been successful in explaining collective flow [16], elliptic flow [17], multi-
fragmentation [18] as well as dense and hot matter [19]. Here each nucleon is represented
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by a coherent state of the form
φα(x1, t) =
(
2
Lπ
) 3
4
e−(x1−xα(t))
2
eipα(x1−xα)e−
ip2αt
2m . (1)
Thus, the wave function has two time dependent parameters xα and pα. The total n-body
wave function is assumed to be a direct product of coherent states:
φ = φα(x1, xα, pα, t)φβ(x2, xβ , pβ, t)...., (2)
where antisymmetrization is neglected. One should, however, keep in the mind that the
Pauli principle, which is very important at low incident energies, has been taken into
account. The initial values of the parameters are chosen in a way that the ensemble
(AT+AP ) nucleons give a proper density distribution as well as a proper momentum
distribution of the projectile and target nuclei. The time evolution of the system is
calculated using the generalized variational principle. We start out from the action
S =
∫ t2
t1
L[φ, φ∗]dτ, (3)
with the Lagrange functional
L =
(
φ
∣∣∣∣i~ ddt −H
∣∣∣∣φ
)
, (4)
where the total time derivative includes the derivatives with respect to the parameters.
The time evolution is obtained by the requirement that the action is stationary under the
allowed variation of the wave function
δS = δ
∫ t2
t1
L[φ, φ∗]dt = 0. (5)
If the true solution of the Schro¨dinger equation is contained in the restricted set of
wave function φα (x1, xα, pα) , this variation of the action gives the exact solution of the
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Schro¨dinger equation. If the parameter space is too restricted, we obtain that wave func-
tion in the restricted parameter space which comes close to the solution of the Schro¨dinger
equation. Performing the variation with the test wave function (2), we obtain for each
parameter λ an Euler-Lagrange equation;
d
dt
∂L
∂λ˙
−
∂L
∂λ
= 0. (6)
For each coherent state and a Hamiltonian of the form,
H =
∑
α
[
Tα +
1
2
∑
αβ Vαβ
]
, the Lagrangian and the Euler-Lagrange function can be
easily calculated [7]
L =
∑
α
x˙αpα −
∑
β
〈Vαβ〉 −
3
2Lm
, (7)
x˙α =
pα
m
+∇pα
∑
β
〈Vαβ〉, (8)
p˙α = −∇xα
∑
β
〈Vαβ〉. (9)
Thus, the variational approach has reduced the n-body Schro¨dinger equation to a set of 6n-
different equations for the parameters which can be solved numerically. If one inspects the
formalism carefully, one finds that the interaction potential which is actually the Bru¨ckner
G-matrix can be divided into two parts: (i) a real part and (ii) an imaginary part. The
real part of the potential acts like a potential whereas imaginary part is proportional to
the cross section.
In the present model, interaction potential comprises of the following terms:
Vαβ = V
2
loc + V
3
loc + VCoul + VY uk + VMDI , (10)
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Vloc is the Skyrme force whereas VCoul, VY uk and VMDI define, respectively, the Coulomb,
Yukawa and momentum dependent potentials. The Yukawa term separates the surface
which also plays the role in low energy processes like fusion and cluster radioactivity [20].
The expectation value of these potentials is calculated as
V 2loc =
∫
fα(pα, rα, t)fβ(pβ, rβ, t)V
(2)
I (rα, rβ)
×d3rαd
3rβd
3pαd
3pβ , (11)
V 3loc =
∫
fα(pα, rα, t)fβ(pβ, rβ, t)fγ(pγ , rγ, t)
×V
(3)
I (rα, rβ, rγ)d
3rαd
3rβd
3rγ
×d3pαd
3pβd
3pγ. (12)
where fα(pα, rα, t) is the Wigner density which corresponds to the wave functions (eq. 2).
If we deal with the local Skyrme force only, we get
V Skyrme =
AT+AP∑
α=1
[
A
2
∑
β=1
(
ρ˜αβ
ρ0
)
+
B
C + 1
∑
β 6=α
(
ρ˜αβ
ρ0
)C]
. (13)
Here A, B and C are the Skyrme parameters which are defined according to the ground
state properties of a nucleus. Different values of C lead to different equations of state. A
larger value of C (= 380 MeV) is often dubbed as stiff equation of state.The finite range
Yukawa (VY uk) and effective Coulomb potential (VCoul) read as:
VY uk =
∑
j,i 6=j
t3
exp{−|ri − rj|}/µ
|ri − rj|/µ
, (14)
VCoul =
∑
j,i 6=j
Z2effe
2
|ri − rj|
. (15)
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The Yukawa interaction (with t3= -6.66 MeV and µ= 1.5 fm) is essential for the surface
effects. The momentum-dependent interactions (MDI) are obtained by parameterizing the
momentum dependence of the real part of the optical potential. The final form of the
potential reads as [7]
UMDI ≈ t4 ln
2[t5(p1 − p2)
2 + 1]δ(r1 − r2). (16)
Here t4=1.57 MeV and t5=5×10
−4 MeV−2. A parameterized form of the local plus MDI
potential is given by
U = α(
ρ
ρo
) + β(
ρ
ρo
) + δ ln2[ǫ(ρ/ρo)
2/3 + 1]ρ/ρo. (17)
The parameters α, β, γ, δ and ǫ are listed in Ref. [7]. The momentum-dependent part of
the interaction acts strongly in the cases where the system is mildly excited. In this case,
the MDI is reported to generate a lot more fragments compared to the static equation of
state. The relativistic effect does not play role in low incident energy of present interest
[21].
The phase space of the nucleons is stored at several time steps and this is clustered
using minimum snapping tree method that binds the nucleons if they are closer than 4
fm.
3 Results and Discussion
We simulated the reactions of 58Ni+58Ni and 197Au+197Au for 100 MeV/nucleon at central
(bˆ=0.2) and peripheral (bˆ=0.8) colliding geometry. For the present study, we used stiff
(Hard), soft (Soft), soft with momentum dependent interactions (SMD) equations of state.
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Figure 1: The time evolution of Amax, free nucleons, LCPs and IMFs for the reaction of
58Ni+58Ni at incident energy of 100 MeV/nucleon at central (bˆ = 0.2) and peripheral (bˆ
= 0.8) for Soft and Hard EOS. Lines are explained in the text.
The standard energy-dependent Cugnon cross section is used along with two different
Gaussian widths, i.e., L = 1.08 fm2 (Lnorm) and 2.16 fm2 (Lbroad).
In Fig. 1, we display the time evolution of Amax, free nucleons, LCPs (2 ≤ A ≤ 4)
and IMFs (5 ≤ A ≤ A/3) for the reaction of 58Ni+58Ni at bˆ =0.2 and incident energy
of 100 MeV/nucleon. The purpose of showing different mass windows is to identify the
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Figure 2: Same as Fig. 1, but for Soft and SMD.
different phenomena that may appear in one window but not in other mass range. The
Amax will give a possibility to look for the fusion (if any), whereas the emission of free
nucleons will show the disassembly and hence vaporization of the nuclear matter. For
the central collision of bˆ =0.2 (blue lines) we see from Fig.1(a) that Amax first increases
with time, reaches maximum (about 116 which is Aprojectile + Atarget ) at about 20-40
fm/c when the matter is highly compressed and then decreases during the later stages
at about 120 fm/c. The effect of EOS is negligible on Amax (solid and dashed lines) as
predicted in Ref. [2]. From Fig. 1(b), (c), and (d), we find that free nucleons, LCPs, and
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Figure 3: Same as Fig. 1, but for Lnorm and Lbroad.
IMFs increases with time. This is because the excited compound nucleus decays by the
emission of nucleons and fragments. As a result, free nucleons, LCPs, and IMFs display
a constant rise in their multiplicities. The constant emission of free nucleons with time
suggests that hot fragments are cooling down. The emission of free nucleons, LCPs, and
IMFs starts at around 50 fm/c. We also find a significant effect of EOS on the production
of free nucleons, LCPs, and IMFs. We find that number of LCPs/IMFs is larger in the
case of soft EOS compared to hard EOS (see blue and red lines). This is because of the
fact that soft matter can be easily compressed. As a result, a greater density can be
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Figure 4: Same as Fig. 2, but for the reaction of 197Au+197Au.
achieved, which in turn leads to the large number of IMFs compared to that in hard case.
For the peripheral collision of bˆ =0.8 (red lines), we find that Amax, free nucleons,
and LCPs show similar behavior as that for central collision except that the number of
free nucleons and LCPs are now significantly reduced. This is because of the fact that
less density is achieved in peripheral collisions and therefore, the number of IMFs is also
greatly reduced in peripheral collisions (both for soft and hard EOS) as the static soft
and hard EOS are not able to break the initial correlations among the nucleons and hence
no IMFs are emitted.
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Figure 5: The phase space of the nucleons forming the fragments(IMFs) in the reaction
of 197Au+197Au with Soft and SMD EOS at 0 and 200 fm/c. Symbols are explained in
the text.
In Fig. 2, we display the effect of momentum dependent interactions on the production
of Amax, free nucleons, LCPs, and IMFs at bˆ = 0.2 and 0.8. We find that Amax is nearly
same for Soft and SMD (solid and dotted line) at central collisions whereas the difference
increases at peripheral collisions. This is because in central collisions, the nucleon-nucleon
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collisions are more frequent which results in complete destruction of the initial correlations.
Therefore, an additional repulsion (due to MDI) does not alter the results. We also see
that number of free nucleons and LCPs increases with momentum dependent interactions
due to additional destruction of the remaining correlations (at both central and peripheral
collisions). On the other hand, the role of MDI in peripheral collisions is dominant. This
is because in the production of IMFs, the additional MDI breaks the heavy fragments
into larger number of intermediate mass fragments leading to a lot of IMFs.
In Fig. 3, we display the effect of interaction range on the production of Amax, free
nucleons, LCPs, and IMFs by using two different widths of Gaussian, that is, Lnorm (4.33
fm2) and Lbroad (8.66 fm2). We find that the width of Gaussian has a considerable impact
on fragmentation. As we change the Gaussian width (L) from 4.33 fm2 to 8.66 fm2,
the multiplicity of IMFs is greatly reduced. Owing to its largest interaction range, an
extended wave packet (Lbroad) connects a large number of nucleons in a fragment and as a
result it generates heavier fragments compared to what is obtained with a smaller width.
It is worth mentioning here that the width of the Gaussian has a considerable effective
on the collective flow as well as on the pion production [12–15].
In Fig. 4 we display the effect of MDI on the reactions of 197Au+197Au at bˆ = 0.2
and 0.8 for 100 MeV/nucleon. A similar behavior of all the quantities is obtained as that
for the reaction of 58Ni+58Ni. From Fig. 4, we see that now Amax reaches a maximum
value of (394) which is the total mass of the system at the highly dense phase of the
reaction. Moreover the number of free nucleons, LCPs, and IMFs are also increased as
that in case of 58Ni+58Ni reaction due to increase in the system mass. From Fig. 4 we
also see that number of IMFs are more in case of SMD as that in case of soft (static)
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Figure 6: Same as Fig. 5, but for the Amax formed with Soft and SMD EOS.
EOS because of the destruction of initial correlations due to the repulsive momentum
dependent interactions as discussed previously. We further investigate the details of the
fragments formed in static and MDI interactions.
In Fig. 5, we display the phase space of those nucleons which form IMFs in case of
Soft and SMD EOS at initial time (0 fm/c) and the end of reaction (200 fm/c). Left
(right) panels display the coordinate (momentum) space. Solid (open) circles represent
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Figure 7: Same as Fig. 3, but for the reaction of 197Au+197Au.
SMD (Soft) EOS. From the Fig., we see that nucleons forming an IMF in case of Soft EOS
belong to same region of coordinate space (see open circles). In case of MDI also, most
of the nucleons which form the IMFs are coming from the same region (closed circles).
In Fig. 6, we display the phase space of the nucleons forming the Amax in case Soft
and SMD EOS. We see that for the formation of Amax, the participating nucleons belong
to the same region of phase space. We also see that Amax in case of SMD is small as
compared to that in case of static one.
In Fig. 7, we display the effect of interaction range on the production of Amax, free
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Figure 8: The phase space of the nucleons forming the fragments (IMFs) in the reaction
of 197Au+197Au with Lnorm and Lbroad at 0 and 200 fm/c. Solid (open) symbols are for
Lbroad (Lnorm).
nucleons, LCPs, and IMFs by using two different widths of Gaussian, that is, Lnorm (4.33
fm2) and Lbroad (8.66 fm2) for the reaction of 197Au+197Au. We find the similar effect of
interaction range of the fragment production as for the reaction of 58Ni+58Ni, i.e, with
broader Gaussian, the IMF’s production is reduced. To have a further insight into the
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fragment structure, that is, whether the nucleons forming a fragment when we increase
the interaction range belong to same region of phase space or not, in Fig. 8, we display
the phase space of the nucleons which are forming the IMFs both with Lnorm and Lbroad at
0 fm/c and 200 fm/c. We find that the nucleons which are forming the fragment belong
to same region of phase space.
4 Summary
We studied the effect of momentum-dependent interactions and a broader Gaussian on
multifragmentation. We also investigated the details of the fragment structure for a
broader Gaussian and momentum-dependent interactions. We find that nucleons forming
the fragments belonged to the same region of phase space.
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